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PROOFS CHECKED IN LEAN 4

Latent variables (left), scrambled by an unknown nonlinear process into what we observe

(centre), returned by LeJEPA as a rotation of the truth (right).

THE RESULT

Pull positive pairs together, hold the embedding Gaussian, and the
encoder has no freedom left. It must invert the world up to a rotation.

ℒ(ℎ) ≥ 2(1 − 𝜌) 𝑛
with equality ⟺ ℎ(𝑧) = 𝑄𝑧, 𝑄 ∈ 𝑂(𝑛)

And the Gaussian is the only latent distribution in this class for which that holds.

THE QUESTION

When is a representation
a world model?
When it linearly recovers the world’s latent variables,
which is what a linear probe assumes. No such result
existed for JEPAs until SIGReg named the embedding
distribution.

THE WORLD

A broad class of worlds
Latents 𝑧 are never seen: an unknown 𝑔 renders them
into 𝑥 = 𝑔(𝑧), and a positive pair is (𝑔(𝑧), 𝑔(𝑧′)).

(i) Independence across coordinates, for latents
and transitions alike.

(ii) Stationarity: 𝑝(𝑧) = 𝑝(𝑧′).
(iii) Additive noise: 𝑧′

𝑖 = 𝑚𝑖(𝑧𝑖) + 𝜂𝑖, 𝜂𝑖 ⟂ 𝑧𝑖.

Take 𝑧 ∼ 𝒩(0, 𝐼𝑛) and exactly one transition survives,
the Ornstein–Uhlenbeck channel:

𝑧′ = 𝜌 𝑧 + √1 − 𝜌2 𝜂, 𝜂 ∼ 𝒩(0, 𝐼𝑛)

LeJEPA pulls the pair together and holds the embedding Gaussian.

THE LEARNER

LeJEPA as a constraint
With ℎ = 𝑓 ∘ 𝑔, the world’s mixing composed with our
encoder:

minℎ 𝔼[‖ℎ(𝑧′) − ℎ(𝑧)‖2]⏟⏟⏟⏟⏟⏟⏟
alignment

s.t. ℎ(𝑧) ∼ 𝒩(0, 𝐼𝑛)⏟⏟⏟⏟⏟⏟⏟
SIGReg

Nothing is assumed about ℎ but measurability.
Whitening turns alignment into correlation:

ℒ(ℎ) = 2𝑛 − 2 ∑𝑖 𝔼[ℎ𝑖(𝑧′) ℎ𝑖(𝑧)]

THE MECHANISM

Every degree of nonlinearity
is taxed
Hermite polynomials are the eigenfunctions of a
Gaussian transition, with eigenvalue 𝜌𝑑 at degree 𝑑.
With 𝑤𝑑 the variance share at degree 𝑑,

𝔼[ℎ𝑖(𝑧′)ℎ𝑖(𝑧)] = 𝑤1𝜌 + 𝑤2𝜌2 + 𝑤3𝜌3 + ⋯ ≤ 𝜌
with equality if and only if 𝑤1 = 1.

Correlation carried across a positive pair, at 𝜌 = 0.7
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Theorem 1 Linear identifiability
Let ℎ be any measurable map with
ℎ(𝑧) ∼ 𝒩(0, 𝐼𝑛). Then ℒ(ℎ) ≥ 2(1 − 𝜌)𝑛, with
equality iff ℎ(𝑧) = 𝑄𝑧 for orthogonal 𝑄, and at
any such optimum

ℎ(𝑧′) ∣ ℎ(𝑧) ∼ 𝒩(𝜌 ℎ(𝑧), (1 − 𝜌2)𝐼𝑛)

The latent variables and the dynamics come back, up to one

rotation.

Three nonlinear mixings: parabolic shear, sinusoidal shear,

RealNVP coupling. Observation left, learned embedding right.

At scale: SIGReg and VICReg hold 𝑅2 > 0.999 out to 𝑁 = 1024
latents; InfoNCE degrades at a fixed kernel width.

Theorem 2 The Gaussian is unique
Take any world satisfying (i) to (iii). If every
minimiser with Cov(ℎ(𝑧)) = 𝐼𝑛 is linear, then 𝑧 is
Gaussian.

Sturm–Liouville theory makes the slowest eigenfunction

monotonic for any latent distribution. Forcing it affine forces a

linear score, and only the Gaussian has one.

Across the generalised normal family, linear recovery peaks

sharply at the Gaussian, 𝛼 = 2.

STABILITY

Theorem 3 Approximate recovery
With alignment gap 𝛿, whitening error
𝜀 = ‖Cov(ℎ(𝑧)) − 𝐼𝑛‖𝐹 and 𝐷 = 𝛿/(2𝜌(1 − 𝜌)),
there is a 𝑄 ∈ 𝑂(𝑛) with

𝔼[‖ℎ(𝑧) − 𝑄𝑧‖2] ≤ 𝐷 + (𝜀 + 𝐷)2

Recovery error against the bound, over every run. Alignment is the

hard part; whitening is close to free, so training loss is a usable

proxy for identifiability.

THE PAYOFF

A rotation is enough to plan

Theorem 4 Planning in the latent
Let ℎ(𝑧) = 𝑄𝑧 and let a finite-horizon control
problem have costs that are 𝑂(𝑛)-invariant in
the state. Then ̂𝑉 ∗(ℎ(𝑧0)) = 𝑉 ∗(𝑧0) and
̂𝑎∗
1∶𝑇 (ℎ(𝑧0)) = 𝑎∗

1∶𝑇 (𝑧0).

Goal reaching, LQR, and any cost built from norms or inner

products qualify.

Straight latent lines, decoded by nearest-neighbour retrieval.

Control cost falls monotonically with linear identifiability, across

every model we trained.

ASSUMPTIONS AGAINST REALITY

ASSUMPTION WHERE REALITY DEPARTS STATUS

Gaussian latents 𝑧 ∼ 𝒩(0, 𝐼𝑛) Real latents are often heavy-tailed, bounded or multimodal, though task-relevant ones are aggregates, and
aggregates drift Gaussian.

NECESSARY Theorem 2 rules out every
alternative.

Isotropic transitions equal 𝜌 across
coordinates

The two Reacher joints decorrelate at different rates, 𝜌0 ≠ 𝜌1, and per-dimension recovery goes anisotropic.
Simultaneous extraction needs max𝛼 𝐾𝛼 < 2min𝛽 𝐾𝛽.

STRUCTURAL Escapes: sequential extraction, or
a reweighted alignment.

Matched dimension 𝑚 = 𝑛 𝑚 < 𝑛 leaves the subspace open, and says nothing about superposition. 𝑚 > 𝑛 forces the spare dimensions
to collapse or go redundant.

OPEN Not settled in either direction.

Exact Gaussianity, global optimum Training stops short of the optimum, and SIGReg only approximately Gaussianises at finite batch size.
ABSORBED Theorem 3 bounds the error,
continuously in 𝛿 and 𝜀.

Scope. This is the state half of a world model: the action-conditioned transition ̂𝑝( ̂𝑧′ ∣ ̂𝑧, 𝑎) still has to be learned, which points straight at interventional causal representation learning.

An empirically successful recipe turns out to be a mathematical guarantee, in exactly the worlds described above.
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